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ON THE BLOW UP CRITERION OF 3D-NSE IN SOBOLEV-GEVREY 

SPACES 

JAMEL BENAMEUR AND LOTFI JLALI 


Abstract. In [^, Benameur proved a blow-up result of the non regular solution of 
{NSE) in the Sobolev-Gevrey spaces. In this paper we improve this result, precisely we 
give an exponential type explosion in Sobolev-Gevrey spaces with less regularity on the 
initial condition. Fourier analysis is used. 
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1. Introduction 

The 3D incompressible Navier-Stokes equations are given by: 

{ dtu — I'Au -b u.Vu = —Vp in M"'' x 
div u = 0 in R"'' x R^ 

u{0,x) = u^{x) in R^, 

where u is the viscosity of fluid, u = u{t,x) = (tti,tt 2 , tis) and p = p(t,x) denote re¬ 
spectively the unknown velocity and the unknown pressure of the fluid at the point 
{t,x) G R+ X R^, and (rt.Vtt) := uidiu + U 2 d 2 U + usd^u, while = {u°{x), U 2 {x), u'^{x)) 
is a given initial velocity. If uP is quite regular, the divergence free condition determines 
the pressure p. 

Our problem is the study of explosions for non-smooth solutions of (NSE). In the 
literature, several authors studied this problem (see laasiEj), however all the obtained 
results do not exceed [T*—t)~^, where T* denotes the maximal time of existence. Recently, 
in [5], the author gives a positif answer on the question: Is the type of explosion is due to 
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the chosen space or the nonlinear part of {NSE)7 For this, he used the Sobolev-Gevrey 
spaces which are defined as follows; for a, s > 0 and a > 1, 

= {/ G G 


is equipped with the norm 



and its associated inner product 


ga|D|l/- 


fWn- 


if/g) 






a\D\-. 




Precisely, for a > 0, s > 3/2, a > 1 and G such that divu*^ = 0. He proved 

that, there is a unique time T* G (0,oo] and a unique solution u G C{[0,T*), to 

(NSE) system such that u 0 C([0, T*], Moreover, if T* < oo, then 


(1.1) c(r*-t)-'*/3exp(aC(r*-t)-^) < ||u(t)||^,._^, VtG [0,T*), 


where c = c{s,u^,cr) > 0 and C = C{s,u^,cr) > 0. The choice of this spaces is due 
to the scaling property: If u{t, x) is a solution to (NSE) system with the initial data 
u^(x), then for any A > 0, Au(A^t, Ax) is a solution to (NSE) system with the initial data 
Am°(Ax). Also, we recall that the classical used spaces B(]R^) for (NSE) system satisfy 
the fundamental condition: 


u°(x) G B(m3) ^ Au°(Ax) G B(m3), VA > 0, 
which is not valid in the Sobolev-Gevrey spaces 


Our work is intended to improve the result in [S]. Before generalizing this result, we 
recall the energy estimate: If u G C([0, T], Ff*(M^)), with s > 5/2, is a solution to (NSE), 
then 

( 1 . 2 ) \\u{t)\\l2 + 2v f \\Vu{z)\\l2dz =\\u°\\l2. 

Jo 

Now we are ready to state our main result. 

Theorem 1.1. Let a > 0 and a > 1. Let G be such that divu*^ = 0, 

then there is a unique T* G (0, oo] and unique u G C([0, T*), FT/^(M^)) solution to {NSE) 
system such that u ^ C([0, T*], FF/^^(M^)). If T* < oo, then 


(1.3) 


Cl 


{T* 


exp 


ac2 


{T* -t) 1/3-7] 




where ci = ci(n°, a, cr) > 0, C 2 = ci(n°, -r) > 0 and 2ao is the integer part of 2a. 


The remainder of this paper is organized in the following way: In section 2, we give 
some notations and important preliminary results. Section 3 is devoted to prove that 
{NSE) is well posed in ^(R^)). In section 4, we prove the exponential type explosion 
of non regular solution to {NSE) system. 
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2. Notations and preliminary results 


2.1. Notations. In this section, we collect some notations and definitions that will be 
used later. 

• The Fourier transformation is normalized as 

-^(/)(0 =/(O = / exp{-ix.^)f{x)dx, C = (6,6,6) G 

• The inverse Fourier formula is 

= (27r)"^ [ exp{-ii.x)g{i)di, x = {xi,X 2 ,x^) E 

• For s E M, denotes the usual non-homogeneous Sobolev space on and 

(•/•)h'>(r 3) denotes the usual scalar product on 

• For s E M, denotes the usual homogeneous Sobolev space on and (■/•)^s(]k 3 ) 

denotes the usual scalar product on Ff®(R^). 

• The convolution product of a suitable pair of function / and g on R^ is given by 

{f*g){x):= f{y)g{x-y)dy. 

JK3 

• If / = (/i, / 2 , h) and g = ( 51 , 52 , 53 ) are two vector fields, we set 

f(g>g:= ( 51 /, 52 /, 53 /), 


and 

div (/ (g) g) := (div (51/), div (52/), div ( 53 /))- 
• For o > 0 , CT > 1 , we denote the Sobolev-Gevrey space defined as follows 

= {/ E 5'(R3); E 

which is equipped with the norm 


A. = 


and the associated inner product 




ill- 


2.2. Preliminary results. In this section we recall some classical results and we give 
new technical lemmas. 

Lemma 2.1. (See [T] j Let (s, t) E R^, such that s < | and s + t > 0. Then there exists a 
constant C, such that 

||™||^.+t_3 < C{\\u\\jjs\\v\\^t + \\u\\h^^\\v\\h‘>)- 

If s < ^, t < ^ and s + t > 0, then there exists a constant C, such that 

\\uv\\^^^,_3 < C\\u\\j^s\\v\\^f 
Lemma 2.2. (See [5]J For 6 > 3/2, we have 
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with Cs = 2^1 ((f - l))3/(4-5) + (f - 

Moreover, for all 5o > 3/2, there is M{So) > 0 such that 

Cs < M{6o), V5 > 50- 

Lemma 2.3. For every a > 0, a > 1, and for every f,g ^ we have fg G 

and 

ll/9ll*.,(r„ < 16 (l|J-(ef°'"/)llLi||9llA., + l|J-(ef°'"9)lli.|l/llA.^) 


Proof of the lemmaWe have 




< 


< 


I ieiV“i«'^i/i*i5i)^(e) 


C Wt] 




< / / |{|e“'«l’l/K-.;)ll9(9)l+ / 

M \-'l»?l<l?-^l Av\>\^-v\ 

By the elementary inequality 

(1 + 6)® < 1 + 06®, V6,0 G [0,1], 




V. 


we can deduce that 
1 


Therefore 


where 


1^1- <max(|^-7y|,|?7|)i + - min(|^ - ??|, jr/j) -, V^,??GM^ 

a 


II/5II) 


< 4 


Jih+hf 


di 


< 16 If if) + lliOd^, 


hif)= / |?-r/|e“l«-'^ln/(e-7?)|e^Hn5(r?)l 




hif)= / e^l«-’'ln/(e-r?)|e 

Jri 

Using the following notations: 


ai(f) = K|e“'^'*l7(0l 

a2K) = e»l"|/({)| 
A(0 = |{|e“l+9(0| 
A(0=9f'^l"l9({)l. 
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we obtain 

II/5||^i^(r 3)) < 16(||ai */32||i2 + ||a2 */3i||i2). 

Young’s inequality yields 

11/511^1^(83)) ^ 16(||ai 11^2 ||/32||ii + ||a2|lii ||/3i 11 ^ 2 ), 
and the proof of lemma [2l3l is finished. 


Lemma 2.4. Let a > 0, a > 1 and s > 1, then there is a constant c = c(s, a, a) such that 
for all f G i/,V(]R3) 

(2.1) ||/|Ih^<c||/||^i^^. 


Proof of the lemma \2.4\ Let fco G such that 


— < s — 1 < -. 

2(7 “ 2(7 


Using the fact that 

we get 


V^GM' 

(2a|^|i/'")^o (2a|^|i/'")*’o+i 


2 ^ (^0 + 1)! 

“ (2a)'=o+i 


(2a+l) [ 

Jm 


fco! 


-+- 


(fco + 1)! 


|2| ?(tM2 ^ 0(^0 + 1)! 


iri/(or<2- 


(2a)'=o 


Lemma 2.5. For every a > 0, a > 1, and for every f,g ^ we have fg G 

and 


( 2 . 2 ) II/5||l2(r3)) < c ^ll/ll^i^||5 ||l2 + ||5||_h-i^II/IIl2) • 

Proof of the lemma 1^.51 We have 

II/ 5 ||l 2 (r 3 )) < C'(^||/||x,oo(R3))||fl'||£,2(R3)) + ||/||L2(R3))||fl'||x,oo(R3))^. 

Using the classical interpolation inequality 



and lemma El we can deduce inequality ()2.2I) . 

Remark 2.6. By lemmas [2l3ll2.51 we can deduce that is an algebra for a > 0 and 

(7 > 1. 


Lemma 2.7. /// G then 


(2.3) 



Proof of the lemma Simply write the integral as a sum of low frequencies {.^ G 

1^1 < 1} and high frequencies G |^| > 1}. 
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3. Well-posedness of {NSE) in 

In the following theorem, we characterize the existence and uniqueness of the solution. 

Theorem 3.1. Let o > 0 and a >1. Let vP G such that divu*^ = 0. Then, 

there exist a unique T* G (0, +oo] and a unique solution u G C([0, T*), to (NSE) 

system such that u ^ Moreover, ifT* is finite, then 

(3.1) lim sup ||?r(t)||rri = oo. 

t/'T* 

Proof theorem \8.1\ The integral form of Navier-Stokes equations is 

u = + B{u, u), 

where 

B{u,v) = — f e'^*'*“'^^^P(div (u (g) u)) 

Jo 


and 


-^(F/)(0 =/(O - 


The main idea of this proof is to apply the theorem of the fixed point to the operator 

u I —> + B{u, u). 

Taking account of lemma 12.71 it suffices to estimate the nonlinear part respectively in the 
spaces L^(R^) and 


To estimate B{u,v) in we have 

\\Biu,v)\\^, it) < f\\e'^J-^^^Fidiv{ 

a,a- 


< 


< 


lere 


3 -2i/(t-T)|^|2| >1 2a|C| a 


a,(7 

1 


I 


0 \J^ 

* 1 




0 p4(t —r)4 


1 , 
Hl„ 


with 


|u(8)u|p,i (r) = / |^7n;(r, ^)| 




< / 1^1 ( / 


Using the inequality ^ we get 


mSivW^ i (r) < / |?| ( / ^ 


^^a,c7 




|u(r, 


< \\UV\\^. 


< c 


Hi II IlHl 


(by lemma IXT)) 
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where U = |u(r, ^)| and V = lr;(r, ^)|. 

Therefore, 

3 1 

(3.2) \\B{u,v)\\^i^^{t) < cu 

• To estimate B{u,v) in we have 

\\Biu,v)h2it) < r||e"^*""^Mdiv(r 

Jo 


[U(^V))\\l 2 


< 


< 


< 


< 


fM 

Jo 1/4 (i — 7 -) 4 

f \ ' , 

Jo Vi(t — T)'^ 




III |m*p(t,|)|' 


M ® f • 1 , 


M Al P 


hCTIIhi 


(by lemma [2TT]> , 


1 


, 1 . . 1 ir^iiLfi ) 

/o i/4(t-r)4 


_i 3 

< 1 / 4^4 ht 


Hi ITIIhi • 


Therefore, 

1 3 

(3.3) ||i?(tt, ?;) 117,2(f) < cz/ ||i^|l 7 ,^(Hi^^)||p|l 7 ,^(Hi^^)- 

Now, we recall the following hxed point theorem. 

Lemma 3.2. fSee [6]j Let X be an abstract Banach space equipped with the norm || || and 
let B : X X X ^ X be a bilinear operator, such that for any xi,X 2 E X, 

||•B(a;l,X2)|| < co||xi||||x2||. 

Then, for any y & X such that 

4co||y|| < 1 

the equation 

X = y + B{x, x) 

has a solution x G X. In particular, this solution satisfies 

Ikll < 2||y|| 

and it is the only one such that 


\x\\ < 


1 

2co 


Combining the inequalities (I22I)-(I33D and lemma EZl and choosing a time T small 
enough, we guarantee the existence and uniqueness of the solution in the space C([0, 


• Now, we want to prove the inequality (j3.2n by contradiction. Let u be maximal solution 
to {NSE) with T* < 00 . It suffices to observe that u is bounded, then we can extend the 
solution to an interval [0,Ti], where Ti > T*. 

As the function u is assumed to be bounded, then there exists M > 0 such that 

ll'“(^)ll/7i (r3) < m, \/t e [o,r*]. 
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We deduce that, Ve > 0 da/ Vt,t' < T* such that T* — t < a and T* —t' < a, we have 

||n(t) < e. 

Then {u{t)) is a Cauchy sequence in at the time T*. The space is 

complete, then there exists u* € such that 

limu(t)=u* 

t/^ 1 

Consider the following system 

dtv — uAv + v.Vv = —Vp' in R+ x 

u(0) = u* in R^. 

Applying the first step to {NSE*) system, then there exist Ti > 0 and a unique solution 
V € C([0,Ti],F 1^(R3)) to (NSE*). So 

u{t) if tG[0,r*] 

vit-T*) if tG[T*,r*+Ti] 

as a unique solution extends u, which is absurd. Taking into account the energy inequality 
(USD we can deduce equation (13.11) . Therefore theorem 13.11 is proved. 


{NSE* 


w{t) = 


4. Proof of the main result 

4.1. Fundamental inequalities. In this section, we give some blow up results which are 
necessary to prove our main result. 

Theorem 4.1. Let vP E such that divu® = 0 and u E C([0,T*), 

the maximal solution to {NSE) system given by theorem, \l.l[ If T* < oo, then 

rT* 


(4.1) 
and 

(4.2) 


||.T(e^l^l"u(r))||iidr = oo, VtE [0,r*) 


(1)^ 


{T* - f)2 


< ||.F(e^l^l"u)(t)||ii, VtE [0,r*). 


Proof of theorem \4-l[ • First, we wish to prove the inequality (|4.1I1 . 
Taking the scalar product in iJ^^(R^), we obtain 


2 


Hi,. 


+ u||Vu(t)|| 


m. 


< |(e“l"l"(u.Vu)/e“l"l"u(t)) 


m\ 


< I (e“l^l" div {u ® u)/e“l^l" u(f))^i | 

< |(e“l^l"u®u/Ve“l^l"u(t))^i| 

< ||u®u||ui llVulUi . 


Using lemma [T3l we have 

\dt\\u{t)\\\^ +u||Vu(t)||^i < 32||J^(e-l^l"u(t))||ii||u(t)||^i ||Vu(t)||^i . 

Z ^a,cr ^a,c7 ^-'a,cr ^^a,CT 

Inequality xy < ^ + gives us 

ldt\\u{t)f^, +u||Vu(t)||^i < cu-i||J^(e-l^l"u(t))||^i||u(t)||^i + ^l|Vu(t)||^i 
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Then 




Gronwall lemma implies that, for every 0 <t <T <T*, 

^a,CT ^a,cr 

The fact that limsupj^j’* ||ii(t)||j:ji = oo implies that 


||^(efl^l^n(r))||ii=oo, VtE[0,r*). 


• Now, we want to prove inequality (14.2p . 

Returning to (NSE) system and taking the Fourier transform in the first equation, we get 

+ + Re{E{u.Vu){t,^).u{t,-C)) = 0. 

But for any e > o, 

^dt\uit,^)\‘^ = ^<9t(|n(t,0P + e) = V\W^W^-dtV\W^W^ 


and 


dtV\u{t,^)\'^ + e + 


|n(t,0P ^ T'(M.Vn)(t,g).u(t,-g) ^ 


v1W70F+e + s 


Then, we have 


dtV\u{i^CW +^ + ^\C\‘^ ^ \J'iu.Vu){t,C)\. 


Integrating on [t,r] C [0,T*), we obtain 

rT eM2 


A/|u(r,0P +e + p|?P / — < v/|S(t,g)p+ 6+ f |T'(M.V'u)(r,OI- 

Jt V|?r(r,0r+e Jt 

Taking e ^ 0, we get 


m 


VI 

Uy 

|i2(t,0l + 

< 

|n(TOI + 

< 

|n(t,OI + 


m |VR|(r,^) 


mr,C- r])\\Vu{T,r])\. 


It Jr, 


Multiplying the late equation by and using the inequality 


u 


cT 1 


< e 


{T,i)\+v\i\^ |S(r,OI 

|tt(t, ^)| + J J |M(r, ^ I Vri(r, 1 


we obtain 
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Integrating over ^ G and using Young’s inequality, we get 

rT 




a I nl TT 


Cauchy-Schwarz inequality yields 






< 




Inequality xy < 2 gives 


,2 y2 


u)(T)U^ + ^ £ l\r(eil‘’l’^u)U^ < ||^(eJlnl*„)(t)||„ + 1 ||;r(£j|D|* 

By the Gronwall lemma, for 0 < t < T < T*, we obtain 


U 


or 


fl^l%,VT'll|2.,^-2^ ^ || J-(e - '^1 " u) (t) || . 


Integrating over [toj?"] C [0,T*), we get 

1 _ e-2-"' /f me^'^'^u)ir)\\l, < 2 I .-1 ||^(ef l^l^u)(to)|lii (T - to). 

By inequality ()4.1I) , if T —)■ T*, we have 

l<2i.-i||^(efl^l"u)(to)||ii(r*-to). 

Then we can deduce inequality ()4.2p . and theorem O is proved. 

4.2. Exponential type explosion. Let a > 0 and cr > 1. Let u G C([0, T*), ^ 

be a maximal solution to (NSE) system given by theorem 13.II and suppose that T* < oo. 
We want to prove inequality (|1.3I) . 


Firstly, we prove the following result 


(4.3) 


< \\u{t)\\h. vtG [0,r*). 


T* - t 

For this, using Cauchy-Schwarz inequality, we get 

,-PI' 

3 (T I I 


||P(eP^I-u)(t)bi = 






«(0I 






where 


c2 = 

'"a,(7 


i 


R3 1^1 


e ‘^T(a) < oo. 


a a 


3 

Li- 
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Since -^ < a, then ^ H^a 

Let’s take a' = we ensure that u G C{[0,T*), H^, and 

lim sup ||u(t)||^i = oo. 

t/'T* 

Using similar technique, we get 

£ ||^(e^l^l^u(T))||ii =oo, VtG [0,r*) 

and 

< ||-F(e^l^l^n)(t)||ii, Vt E [0,r*). 

This implies 

< ||^(e(^'^'^u)(t)||ii, Vt E [0,T*). 

By induction, we can deduce that for every n E N, 

< ||^(eWl^l^u)(t)||ii, Vt E [0,r*). 

Using dominated convergence theorem, we get inequality (ll.3p by letting n —>■ +oo. 


• Secondly, we prove the exponential type explosion. Using lemma 12.21 and the energy 
estimate 


\u{t)\\l2 + 2u [ \\Vu{z)\\l2dz < \\u^\\l2, 
Jo 


we can write, for A; E N such that 1 + ^ > 2 (i.e k > 2a), 


1 -- 


^^^^<||2(t)||Li<M(2)||n"||^3 


Old 2 ( 1 +^) II 2 ( 1 +[ 0 ,r* 




Then 


y/T* - t 


A+_i^ 




.i+ir- 




or 


y/T* - t 


2{^) 


.1+7. 


We obtain 


with 


Cl 


(M(2))-"( 3 )||n' 


C2 


l+i- 


-2(^)|U,0||l-2{^) 


lL2 


< ||n(f)|| -life. 
— II \ 211 ^^ 1 +^ 


{T* -t)2/3 V(r* -t)V3. 


< llii('';i| . 1, k 


Ci = (^(M(2))-2||u°||i2)% C2= (^(M(2))-^||u' 


l-2|i ,0||2 \ 3<^ 


Il2 


Then 


1 Cl 


2ciC*2 


< 


k\ {T* -t)2/3 V(r* -t)3/3' 
Summing over the set {/c E N; k> 2cj}, we get 


(M 

k\ 




Cl 


{T* - f)l/3 


2aC2 

g (T* -t)l/ 3 o' _ 'y 

0<k<2a 


t 2aC2 \k 
''(T*-t)l/3'^l 

k\ 


< 


,2a\i\<y _ 


E 


0<k<2a 


(2a|^<T 

k\ 


h\k 
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< 




Now, put 


2'70 h 

«'-E 


h{z) = 


k=0 


k\ 


with 2 (To is the integer part of 2 ct. 


22(T0 + lg 2 


z>0, 


The function h satisfies the following properties 

• his continuous on (0, oo), 

• h{z) > 0 for all 2 ; > 0, 

• lim h{z) = 00 , 

z—>-oo 


lim h(z) = 


1 


z—>-0+ ' ' (2cro + !)• 

Then there is i? = -B(cto) > 0 such that h{z) > B for all z > 0. Therefore 


with Cl 
proved. 


^ 

{T* - t)3 
BCi(2aC2)2'^o+^ 


2crQ + l 


exp 


aC2 


1{T* -t)V3<Tj 


< IkWIbi 


Then, we can deduce inequality (fOD and theorem o is 
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